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For the Teacher

Objectives:
Using the Curve Areas aplet, the student will the area under curves by finding approximations to the true area.  

The approximations available are:
1.   Lower rectangular area.






2.   Upper rectangular area.

  




   or 
3.   Trapezoidal area.

Functionality:
When the student presses   START  , they will be presented with the notes provided for the aplet.

Pressing   VIEWS   presents a menu of further options.  The first of these is   Choose function.   This must be done before the approximation options are available.

The functions available are:   


Constant  

- F1(X) = 10 


Linear      

- F1(X) = 2X+5 


Quad. #1

- F1(X) = 3X2+10 


Quad. #2

- F1(X) = - X2+4X+8 

  and
User defined

- enter any function into F1(X) 

Having chosen the function (Quad #1 is shown right), the user will find themselves in the   PLOT   screen.

Note:  If a   User defined   function is chosen, the function 


MUST be entered in to F1, not into F2 - F0.

If the user now selects the   Lower rect.   option from the    VIEWS   menu, they will be asked to specify the  lower boundary for the area (see right), the upper boundary, and the number of rectangles which should be used in calculating the area.  The default values for these are  x=0, x=4 and n=10 respectively.

The user can then watch as the rectangles are drawn on the screen.  The display is frozen until a key is pressed.

The total area of the set of rectangles is then reported to the user.

Choosing   Upper rect.   uses the alternative option of placing the rectangles above the curve.  

Note:  If the student is only exposed to monotonically increasing functions like Quad. #1 then they may incorrectly assume that the lower rectangular option always means using the left-hand corner of the rectangle.  

Quad. #2 is specifically provided to demonstrate that this is not the case.

The final calculation option is of   Trapezoidal rule.  The straight lines may not be easily distinguishable from the curve at the resolution available on the screen.
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Additional Exploration:
The aplet can be used to deduce area rules A(x) for each of the functions, and hence to the general rule that anti-differentiating f(x) gives an area function A(x).

In designing the aplet it was necessary to allow for the possibility that the user would try using a function which is negative on part or all of the chosen interval.  Strictly speaking the rectangles used to find the area should be added as positives even when below the axis.  However the most likely use for the aplet is to deduce an area rule and hence, for that purpose, it is better that the “area” be allowed to go negative. 

  

Ideas can be applied to:





Precalculus






Programs associated with this aplet:

    .CUR.GP,  .CUR.S,  .CUR.TR,  .CUR.LR,  .CUR.UR,   .CUR.FN

Note: 1. The image of the function is stored in the sketch view of the aplet and then re-used when drawing the rectangles and trapezoids.  If this sketch is deleted then the aplet will stop working and the  Choose function option will need to be run again.
2.  Sometimes this aplet seems to stop working for no apparent reason, usually with a message of “Bad Argument - Edit program Yes/NO?”.  Don’t edit the program.  The problem can easily be fixed by doing a soft re-boot of the calculator.  This is done by holding down the ON button and, while still holding it down, pressing SK3 for a second and then releasing both.  The SK3 button is the third screen button from the left of the blank row under the screen.  This soft-reboot will NOT cause any memory loss.  It simply performs a sort of “memory sweep” that always cures the problem.

Finding Areas

Although there are many formulae in mathematics for finding areas, nature rarely obliges with “nice” regular shapes such as squares or circles.  




The question is, how does one find the area of a shape such as the one shaded below?

When you were investigating the gradients of curves, you probably used a series of improving approximations to the true gradient at first.  The end result was a method to find the gradient function for any f(x).

In this worksheet you will be using a similar approach to find a method of evaluating the area between any function f(x) and the x axis.  The aplet  Curve Areas  is designed to help you with this.





Part 1
The method of approximation that most people think of when asked to find an area like the one above is to draw rectangles (see right).  As you can see the approximation on the right is not very accurate.

    Area[1,4] 
= rect1 + rect2 + rect3 + rect4


= width x height1 + width x height2


  + width x height3 + width x height4


= width x [ h1 + h2 + h3 + h4 ]




= width x [ f(0) + f(1) + f(2) + f(3) ]



=  1 x [ 10 + 13 + 22 + 37 ]



=  82 units2.

(a)
Draw a graph of f(x) = 3x2 + 10 and draw on it a set of rectangles similar to the one above right, but using an interval width of 0.5 instead of a width of 1.  How many rectangles does this require?  Calculate the new approximation to the area from x=0 to x=4.

(b)
With or without a graph, calculate an approximation to the area using an interval width (rectangle width) of 0.25 units.

(c)
Run the aplet  Curve Areas  ,  press   VIEWS   and select the  option of  Choose function.   


Choose    Quad. #1  from the list.
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Now press   VIEWS   again and choose  Lower rect.   The area required is from x=0  to   x=4  and we will start with 4 rectangles, so as to verify our earlier calculation.  Use the same method but with 8 and 16 rectangles to verify your calculations in (b).
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(d)
Use the calculator to complete the first column in the table below.

   Interval
   1st approx.    2nd approx.

    width
       area
         area

       1

    82 unit2
      0.5

      0.25

      0.1

      0.02
Do the approximations seem to be converging towards a particular value?  If so, what is it?

(e)
Explain why each of the approximations MUST be less than the true area.
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(f)
The calculator is also capable of performing an approximation using Upper rectangles (see right).

Use the   Upper  rect.   option in the   VIEWS  menu to fill in the second column in the table above.

(g)
Do these new results also converge?  If so, do they converge to the same number?  How would you answer part (e) for upper rectangles?




(h)
A better result can be found by averaging the upper and lower approximations.  Geometrically this results in a trapezium.

The diagonal gives a much better match with the slope of the function and so the results tend to be far better.

Use the trapezoidal rule to find the approximate area from x=0  to  x=4 using an interval width of 0.1.  Comment on your results.

Part 2
Now that you are familiar with the different methods of approximation, we will use the best of them (the trapezoidal rule) to try to find a rule that will give the areas without having to find successive approximations.

(a)
We will begin with a very simple rule.  Use the   VIEWS   menu to select the   Constant   function.   What is the rule for the function which results?

(b)
Find the trapezoidal approximation to the area from x=0  to  x=4  using interval widths of 0.5 and 0.1.  Explain why the two results are the same.

(c)
Find the area from x=0 to x=1,  from x=0 to x=2,  from x=0  to  x=3.  Use your results to fill in the table below.


From x=0


to x=…
1
2
3
4
5
6



Area = …
10



(d)
Find a rule A(x)  for the area values.

(e)
Explain with the aid of a diagram how the rule for  A(x) can be derived directly from the graph of  f(x).

(f)
Use the   VIEWS   menu to select the   Linear   function.  What is the rule for the function which is plotted?

(g)
Find the area from x=0 to x=1, from x=0 to x=2, from x=0  to  x=3 (etc).  Use your results to fill in the table below.


From x=0


to x=…
1
2
3
4
5
6



Area = …
6



(h)
Find a rule A(x)  for the area values.

(i)
Explain with the aid of a diagram how the rule for  A(x) can be derived directly from the graph of  f(x).

(j)
Use the   VIEWS   menu to select the   Quad #1   function.  The rule for the function plotted is  f(x) = 3x2 + 10.   Find the area from x=0 to x=1,  from x=0 to x=2,  from x=0  to  x=3(etc).  Use your results to fill in the table below.


From x=0


to x=…
1
2
3
4
5
6



Area = …
11



(k)
Try to find a rule A(x)  for the area values.  You may find it a little more difficult to find this rule.  If you are unable to continue, ask your teacher for the answer.

(l)
Use the   VIEWS   menu to select the   Quad #2   function.  The rule for the function plotted is  f(x) = -x2 + 4x + 8.   Find the area from x=0 to x=1,  from x=0 to x=2,  from x=0  to  x=3.  Use your results to fill in the table below.


From x=0


to x=…
1
2
3
4
5
6



Area = …
92/3



(m)
Try to find a rule A(x)  for the area values.  You will probably find this rule very difficult to find.  Ask your teacher for the answer if you need to.

Now that you have (hopefully) found the area functions A(x) for each of the functions f(x), you must try to find any patterns or links between the pairs of functions which would allow you to find A(x) functions without having to work through tables and approximations.

Part 3
(a)
Fill in the table of function pairs below.  Try to find any patterns which will allow you to predict the area function A(x) from f(x).



f(x)

Area function  A(x)


f(x) = 10
   A(x) = 




f(x) = 2x + 5


   A(x) = 




f(x) = 3x2 + 10


   A(x) = 




f(x) = -x2 + 4x + 8


   A(x) = 



(b)
Use the patterns you have found to predict the area functions for each of the functions in the table below.



f(x)

Area function  A(x)


f(x) = 2
   A(x) = 




f(x) = -3x + 6


   A(x) = 




f(x) = 6x2 - 2


   A(x) = 




f(x) = x2 - 3x + 5


   A(x) = 



(c)
You may not have noticed it, but all of the area functions that you have found are used to find the area from  x=0  to  x= (whatever).  This is not much use if you want to find the area from (say)  x=3 to x=5.  Or is it?

Explain how an area function could be used to find the area from x=3 to x=5.

Use your idea to predict the area from x=3 to x=5 for the function  f(x)=3x2+10.  Test your prediction using the trapezoidal rule and the aplet.

height4 = f(3)





This shows an approximation to the area under the curve from x=0 to x=4.








Aplet and documentation copyright ©, 1999,2000 Applications in Mathematics
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