Tangent Line

         3


     For the Teacher

Objectives:
Using the TANGENT LINE aplet, the student will investigate the change in the gradient of a tangent line as the point of tangency moves along the function.  Functions provided are a quadratic  y=(x+2) 2-1,  a cubic  y=x3-2x2-15x, a reciprocal  y= 4/(x-3)+2 and the sine curve  y= sin(x), each of which comes with pre-set axes. An option is provided for the user to input a custom function.

Functionality:
When the student presses  START  , a menu will appear giving the choice of which function to display.

Once the function is chosen, the user must then wait for the function to plot. 

When the function is plotted, pressing  VIEWS  allows the user to Show tangent line, or to Change function.

 Show tangent  will produce a screen similar to the one shown right.  Note the display of values in the top left corner. The position (x=-1) and the gradient (m=-8) are given.
The  (  and   (  buttons can be used to move the point of tangency along the graph.  The interval between points is normally 0.5 but this can be increased with the    button (to 1 or 2), or decreased (to 0.25 or 0.1) with the  button.

When the user has finished, simply press ENTER to terminate the session and return to the PLOT screen.  To continue, press VIEWS again and rechoose the Show tangent  option.

The  Change function  option in the VIEWS menu simply restarts the aplet, allowing choice of a different function.  In addition to the four pre-set functions provided, there is another option of Customize… available.

The Customize… option will advise the user to replace the preset function in F1(X) with their own function. 

PLOT SETUP  will probably be needed in order to set up the function on the screen with room allowed for the tangent line to appear, and for the screen messages.

IMPORTANT NOTE:  When the user tries to plot the tangent line for the reciprocal graph y=4/(x-3)+2 at the point of the vertical asymptote x=3, the aplet will give an error message of “Infinite result” and ask if the user wishes to edit the program.  You should reply “No” and you will then be left in the  HOME  view.  The aplet can be resumed at the point where it was left off by simply using the  VIEWS  menu and  Show tangent  again.

This “error” in the aplet could have been trapped in the program and avoided but it was deliberately left in as a teaching point.  Hopefully its dramatic suddenness will trigger an interesting discussion of horizontal vs. vertical tangents.
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Additional Exploration:
  1)
The most basic use for this aplet is simply to have the student appreciate firstly that the gradient of a non-linear function is given by the tangent at a point, and secondly that the gradient of any non-linear function changes as the point of tangency moves along the graph.   Student Worksheet #1 is designed to help accomplish this objective and could be assigned as homework.  NOTE:  The worksheet has instructions on running the aplet.  Do not show the student - it will give away concepts covered in the sheet.



  2)
For a class working at a more advanced level, the teacher may find that TANGENT LINE is a useful tool for illustrating the concept of local maxima and minima having a gradient of zero, and the concept of a point of inflection (via the cubic) as a point where the gradient stops decreasing/increasing and begins to increase/decrease again.



  3)
An additional use for the aplet is to use it to introduce the idea of the gradient function being itself a graph.  By reading off the gradient values and plotting these as ordered pairs (x, mx), the student will produce a graph of f’(x).

Student Worksheet #2 is designed to accomplish this objective.  It assumes that the student is familiar with…

a) the use of the aplet TANGENT LINE.
b) the use of “rise/run” as an approximation to the value of the gradient for a hand-drawn tangent.

c) (possibly) the use of  lim(h(0) of  [f(x+h)-f(x)]/h to find a more precise value.

It also assumes that the student is able to find the equation of a quadratic from a plotted set of points.

NOTE:   An alert student may notice that the gradient function whose equation they are supposed to be deducing in Student Worksheet #2 is in fact the one in F2(X).   Don’t view this as necessarily a problem  -  after all, that’s the objective you’re trying to teach isn’t it?



Ideas can be applied to:





Precalculus






Programs associated with this aplet:

.TL.SV,   .TL.S,   .TL.SH

Changing Gradients
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gradient (m)=2


When you learned about straight lines you were taught that each line had a unique gradient.  

Although it may not have been mentioned, the property which ensures that a line is straight is that the gradient stays the same for the whole length of the line.
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i.e.

The questions that need answering if we are to progress beyond linear graphs are:

“How do we define the slope on a curve?”



and

“How can we measure/calculate this slope?
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(i)  At each of the four points (A-D) on the graph below, draw a straight line which you think has the same gradient as the curve at that point.
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If you think in a similar fashion to the mathematicians who invented Calculus, your diagram probably looks something like this:

The inventors of calculus decided that the gradient at any given point would be the same as the gradient of the tangent to the curve drawn through that point.

(ii)  Use the idea of “rise over run” on the straight line tangents to find the approximate gradient to the curve above at each of the points A to D.  (If you did not draw tangents earlier, add them now.)


(iii)  
Start  the aplet called TANGENT LINE.  

· When the opening menu appears, choose the ‘Cubic’ function.

· When you see the  SYMB  view, move the highlight to F2(X) and press the  EVAL  button, as the instructions said.

· Press  PLOT and wait while the function draws.

· Now use the  VIEWS  menu to choose  Show tangent   .  

· You can use the  (  and  (  buttons to move the tangent line along the curve.  Observe the gradient in the top-left corner of the screen.  

· The up/down arrows can be used to change the size of the steps along the x axis.  The choices are steps of  0.1, 0.25, 0.5, 1 or 2.  

· Press  ENTER  when you have finished with the graph, and use  VIEWS  and  Change func.  to choose another function.

Be prepared to discuss the following points (at a minimum) in the next lesson…

· How does the gradient change as you move along the cubic curve?

· How does the sign (+/-) tell you whether the curve is rising or falling?

· Is it possible to have a gradient of zero?  

· What does this mean for the tangent at that point?

· Moving right from x = 3 on the cubic, what happens to the gradient?

· Is there a region on the cubic where the gradient becomes infinitely negative?  Why?

· What happens at x = 3 on the reciprocal graph?  NOTE:  Just use VIEWS and  Show tangent  to reactivate the display.  Why does this happen?  Try approaching x=3 from the left with a step of 0.1   What happens to the gradient as you approach 3?  What would rise/run be?

The Gradient as a Function
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Although it is possible to determine the gradient to a curve at a particular point in a number of different ways, they all involve either tedious calculations or approximations (or both).

For example, one can always hand-draw a tangent and physically measure the rise and run to compute an approximate gradient.

Shown below is a set of axes with the function  y=x2 plotted on it.  Draw a series of tangent lines on the graph and use the “rise over run” method illustrated on the right to measure the gradient at each point.  Use your results to fill in the table below.



  x
-4
-3
-2
-1
0
1
2
3
4



f(x)
16
9
4


m(x)
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The most efficient method possible would be if we could somehow deduce a rule of some kind.  This rule, which would presumably be different for each curve, would return a value for the gradient when supplied with an x value.
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As a first step in this process, we are going to use the aplet  TANGENT LINE  to calculate and plot the values of the gradient for two of the four graphs - the quadratic and the cubic.

1.  The Quadratic
a) The quadratic which is used in TANGENT LINE has the equation y=(x+2) 2-1  or  y=x2+4x+3.  It has been drawn accurately for you on the upper set of axes.

b) Run the TANGENT LINE aplet, choose the quadratic function and move the point of tangency to x = -2.  Verify that the slope of the quadratic at that point is m=0.

c) This will form the first point for our gradient function m(x).  The point (-2,0) has been plotted for you on the lower set of axes.

d) Another point (1,6) has also been plotted on the lower graph.  Verify that the gradient is 6 at x=1.

e) Continue plotting (x, mx) points on the lower axes.  Is a pattern becoming apparent in the placement of the points?

f) What is the equation of the line forming the gradient equation m(x)?

On one of the sets of paired axes provided on page 3, draw a graph of y=x2-2x-2 on the upper set.   Use the Customize  option to enter this into the TANGENT LINE aplet and plot the gradient function as before.  Don’t forget to enter the new function into  F1(X)  BEFORE pressing the  EVAL  button.  You may need to use  PLOT SETUP  .
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2.  The Cubic
a) The cubic used in TANGENT LINE has the equation y=x 3- 2x 2-15x.  As in the previous example, it has been drawn on the upper set of axes.

b) Run the aplet, select the Cubic option and use the lower set of axes to record the points which make up the gradient function m(x) for this curve.  You may find that you obtain a clearer result if you plot points using a step size of 0.25

c) On one of the sets of paired axes provided on page 3, draw a graph of y=x3- 2x2 on the upper set.   Use the Customize  option to enter this into the TANGENT LINE aplet and plot the gradient function as before.  Don’t forget to enter the new function into  F1(X)  BEFORE pressing the  EVAL  button.  You may need to use  PLOT SETUP  .

3.  A Summary
Record your results from sections 1 and 2 above in the table below.  Can you see any connection between the function f(x) and the gradient function m(x)?

   Function

Gradient function


y=x2+4x+3

m1(x)=

y=x2-2x-2

m2(x)=

y=x3-2x2-15x

m3(x)=

y=x3-2x2

m4(x)=

Some additional sets of paired axes are supplied below.
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