Exploring derivatives of trigonometric functions

Level

Upper secondary

Mathematical Ideas

Trigonometric functions, graphical representations, derivatives

Description and Rationale

The graphics calculator is an ideal device for the structured investigation of patterns in mathematics. One of the more difficult concepts in many mathematics programs involve the relationships between functions and their derivatives. Students often gain a better understanding of these relationships through pictorial representations. The example shown below uses a “black box” approach to the determination of the derivative. This is a valid approach only once students are familiar with the basic definitions and interpretations involved in determining the derivative of a function from first principles. While this example involves trigonometric functions the general approach could be used with a variety of functions. 

This structured investigation is designed for students who are not aware of the rules for the derivatives of y = Asin kx and y = Acos kx or who may need to revisit these concepts.

To distinguish between the function and its derivative I have simultaneous turned off in PLOT SETUP. In the example below sinx has placed in F1(X), while the commands stated below define F2(X) to always be the derivative of F1(X).
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Radians should be selected so you can then select a suitable domain and range to view the functions. 

The graphs of y = sin x and its derivative suggest that the derivative is a cosine function, its amplitude is the same as the original function and its period is also the same as the original function. From this the derivative appears to be cos x.

The advantage of the set up used here is that as the function in F1(X) is altered, the function in F2(X) will always the derivative of F1(X). After altering the ranges and changing F1(X) to sin 2x the resulting graphs are produced.
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Students would be expected to notice that the derivative function is:

(i) cosine in nature

(ii) of the same period as the original function

(iii) twice the amplitude of the original function

This leads to the conclusion that 
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Students would then be asked to suggest a rule and test it using y = sin 3x and from this investigation make a general statement about the derivative of sin kx.

i.e.
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Students would then complete similar investigations to determine the general forms:
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The exponential function and its derivative

Level

Upper secondary

Mathematical Ideas

Exponential functions, derivatives, graphical and tabular forms

Description and Rationale

This activity may be structured for use as a revision lesson or as a discovery lesson for students. The ability to view information in a number of forms both separately and simultaneously can be a valuable tool in the teaching and learning of mathematics. Here exponential functions and their derivatives are investigated and conclusions on the relationships between the two may be checked. The opportunity to check the differentiation of exponential functions by viewing both graphical and tabular forms is a very powerful teaching tool.

An interesting starting point involves determining what the value of Euler’s number (e) actually is. The value of e is defined such that :
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The value of e could be determined by investigating different values of “a” in the form y = ax. By graphing y = ax and the derivative of y = ax simultaneously adjustments can be made until the two graphs appear to match, this can then be refined further by continuing these adjustments in the NUM mode.

To distinguish between the function and its derivative I have simultaneous turned off in PLOT SETUP. In the example below 2x has placed in F1(X), while the commands stated below define F2(X) to always be the derivative of F1(X).
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After setting a suitable domain and range you can view the graph. The graph shows the derivative graph below the original function. This suggests the gradient function is less than the original function. The solution is to increase the value of “a”. 
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The exponential function is increased to y 3x.
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The gradient function is now above the original function, suggesting the value of “a” is now greater than the value being searched for. We know that 2 < e < 3

Because the graphs are now very close together the use of the lists in NUM would allow for a much more precise exploration for the value of Euler’s number. You need to go to NUM SETUP to control the size of the step.
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The values in the table show that the gradient function is almost equal to the original function. With continued adjustment to the value of “e”  in the SYMB screen the required accuracy can be obtained.
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In the table on the right F1(X) is 2.718281828x
These techniques can be used in a variety ways to investigate, explore and revise exponential functions. An exponential function could be placed into F1(X). The students solution to the derivative of this function is placed in F2(X), with the automatic derivative placed into F3(X) to check the students response. Both PLOT and NUM modes may be used in this task.

An original function of the form y e2x , the proposed derivative and the actual derivative are shown. The graphs are usually drawn on the one screen, here they are shown individually for easy comparison.
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A similar approach with NUM may also be employed.
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The derivatives of more complex functions can also be explored and checked using either of these approaches.
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