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     For the Teacher

Objectives:
Using the  Coin Toss  aplet, the student will investigate the use of a statistical simulation to find a rule which will allow the prediction of probabilities.

The Problem

Note: A version with more detail is given as a Student Worksheet
A coin is thrown repeatedly onto to a board containing a grid of squares. 






If the coin lands entirely inside a square then some kind of prize is won.  If not, the player loses the coin.  The question is how big to make the squares (relative to the size of the coin).  If they are too large then you will pay out too often.  Too small and no-one will play.  

This question can be investigated in two ways:

· using the same coin and varying the size of the square

· using the same size square and varying the diameter of the coin.

The  Coin Toss  aplet works with 10cm squares and varies the diameter of the coin.  It enables the simulation of the tossing of a great many coins of varying diameters.  It will record the results of each set of coins in column C1 as 1 (win) and 0 (loss).  It will also record the probability for each diameter as ordered pairs in C2 and C3.  

Further detail follows.



Functionality:
When the student presses  START,  the axes are pre-set to 

 and 

.  This gives a grid of squares which is six by three with some slack at the edges.  The screen capture on the right shows 10 coins ‘thrown’. 

The user will then be presented with the  VIEWS  menu.

The first option  Choose diameter  allows the user to set the diameter of the coin.  The default value is 5 cm.  Only values greater than 0 and less than 10 are permitted.

The next option is to  Toss coins.  As each coin is ‘tossed’ the result is recorded in column C1 as a 1 for a ‘win’ or a 0 for a ‘loss’.  If the  Toss coins  option is chosen repeatedly for the same diameter then subsequent ‘tosses’ are appended to column C1 rather than replacing it.  As an example, a trial of 200 ‘tosses’ could be done in four sets of 50 by choosing  Toss coins  four times without changing the diameter.

Changing the diameter before choosing the  Toss coins  option means that column C1 is cleared before the new set of results is recorded.

When coins are being ‘tossed’ there are two methods of display (shown right).  The first displays a diagram showing a grid and plotting the ‘coins’ as they ‘land’.  This is fairly slow and should probably not be done for data sets of more than the default size of 25.

The second method offers a substantial improvement in speed and displays only a running total of the number of coins ‘tossed’ and the number of ‘wins’ recorded for this set of coins.

At the end of a run the total wins for that run and for the current choice of diameter are displayed.

Once a data set has been generated in column C1, the current results can be displayed (see right) by choosing the  Show results  option from the VIEWS menu.  These results are displayed until the user presses any button.

The user is now given the option of recording this set of results as a bivariate data point in columns C2 and C3.  In this case, with only 25 trials recorded, the probability is not likely to be very accurate and the user might therefore choose the  Not yet  option and then choose to  Toss coins  again.  The results of choosing the  Yes  option are shown in the NUM view right.  The diameter is recorded in column C2 and the probability in column C3.

The minimum number of coin tosses per diameter to obtain a reasonably accurate simulation is 200.  Tossing a set of 200 coins takes approximately 2 minutes.

Note:  If you do not record results before changing the diameter then the data will be lost.

Once the user has done simulations for various diameters they will have accumulated a set of bivariate points (diam,prob) in columns C2 & C3 as shown right.

Once a full collection of results have been recorded for varying diameters, the  Show graph  option can be used to produce an Autoscaled PLOT of the bivariate data.  It may be desirable now to adjust the axes slightly to show the y axis.

Curve fitting can now be done on the data points using the SYMB SETUP view to choose the type of curve for S1FIT.  

The default setting in SYMB SETUP is for a linear fit.  The teacher should, through discussion, develop the idea of using a different fit, such as the Quadratic, Exponential or Logarithmic.  The RelErr variable can be used to decide which is the best fit.

Once the fit is chosen, change back to the PLOT view and press MENU and FIT to fit the curve.  Then change to the SYMB view, highlight the resulting equation and press SHOW to view the equation.  The curve shown right is a logarithmic fit.

Warning:  The theoretical probability function is given below. Don’t read on if you want to work it out for yourself!

If we look at a single square and examine the points on which it is permissible for the centre of the coin to fall then it can be quickly seen that the shaded area below represents a ‘win’, where d is the diameter.





Thus the probability of a win is given by 

, which expands to 

.  If the Quadratic fit is used with a reasonable data set size (>100) then a curve of best fit which is quite close to this can be obtained.

Having found this rule it can then be generalised to give a rule for any size square of 

, where p is the probability of a win, s is the side length of the square and d is the diameter of the coin. This rule can then be used in the Solve aplet to investigate cost/benefit ratios for the fund raising grid.

An example of this…..

The Australian 20¢ coin is 2.8 cm in diameter.  We want to have sufficient losses to allow a prize of a small chocolate bar worth 50¢ to be given, while still allowing a profit to be made.

Possible solution:  A probability for a win of 0.1 will mean that there will be 9 losses (earnings of $1.80) for each win (payout of 50¢).  This gives net profit per 10 throws of $1.30.
Since the diameter d and the probability p are fixed, we need to solve to find the correct size for the squares.

As can be seen, due to the nature of the equation there are two possible solutions.  Only the second is valid and shows that a possible size for the square is 4.09cm.
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Additional Exploration:
This aplet can lead into a discussion of:

· modelling in general

· expectations

· probability functions.



Ideas can be applied to:





Statistics

Programs associated with this aplet:

.COI.S,   .COI.TS,   .COI.SH,    .COI.CD

Tossing Coins: A Simulation

The Problem:
A common fund raiser at school fétes is to have a stall where the customers throw coins on to a board containing a grid of squares. 






If the coin lands entirely inside a square then some kind of prize is won.  If not, the player loses the coin.

The question which always causes trouble when organising such a game is how big to make the squares (relative to the size of the coin).  If they are too large then you will pay out too often.  Too small and no-one will play.  The answer to this question is, of course, related to the question of what coin to use.

If you wish to find the answer to this question then you can investigate in two ways:

· using the same coin and varying the size of the square

· using the same size square and varying the diameter of the coin.

Using the  Coin Toss  aplet you will work with 10cm squares and vary the diameter of the coin.  The aplet will enable you to simulate the tossing of a great many coins of varying diameters.  It will record the results of each set of coins in column C1 as 1 (win) and 0 (loss).  It will also, when you choose to, record the probability for each diameter as ordered pairs in C2 and C3.  

This information can then be used to find a rule which will give the probability of a win for any given diameter.

Your teacher will explain the use of the aplet in more detail.



Aplet & documentation copyright ©1999,2000 C. Croft, Applications in Mathematics.

http://members.iinet.net.au/~ccroft/
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